Abstract. We prove that in the space of the polynomial vector fields of arbitrary degree n with n + 1 different singular points at infinity the set of vector fields that are orbitally topologically equivelent to a generic vector field (modulo affine equivalence) is no more than countable. This is the second one of two closely related papers. It was started after the first one, "Total rigidity of generic quadratic vector fields", was completed. The present paper is motivated by the problem stated at the end of the first paper. The problem remains open. A slightly weaker problem is solved below. This paper is independent on the first one. For the sake of convinience, it is published first.
Introduction
Consider the space of all polynomial vector fields of fixed degree n in a fixed affine chart in CP 2 . Denote it by A n . Generic vector fields of this class have an invariant line at infinity; this line with the singular points deleted is called an infinite leaf. LetÂ n be the set of all vector fields from A n with exactly n + 1 singular points at infinity, different from a chosen base point a 0 at the infinite leaf. LetÃ n be the universal cover overÂ n with a base point v 0 to be chosen later, and p :Ã n →Â n be the corresponding projection. The affine group action may be lifted fromÂ n toÃ n . Definition 1. Two vector fields v, w ∈ A n are orbitally topologically equivalent provided that there exists a homeomorphism that conjugates the foliations with singularities defined by v and w on the projective plane. We also suppose that this conjugacy preserves the orientation on the leaves and in the phase space.
In the sequel, we will skip for brevity the word orbitally.
Definition 2. A vector field v ∈ A n is weakly totally rigid provided that there exists no more than a countable set of vector fields w ∈ A n modulo affine equivalence, that are topologically equivalent to v. Theorem 1. Generic vector field in A n for n > 1 is weakly totally rigid. More precisely, there exists a finite union of proper real and complex analytic subsets of A n such that any vector field outside the projection p of this union intoÂ n is weakly totally rigid.
This result was obtained right after the paper [1] was completed. Main results of these two papers are parallel. Theorem 1 of [1] claims that a generic quadratic planar foliation is topologically equivalent to a finite number of foliations of the same class (modulo affine equivalence). Theorem 1 of this paper claims that a generic polynomial planar foliation of arbitrary degree is topologically equivalent to at most a countable number of foliations (modulo affine equivalence). The difference occurs for the following reason. In both cases, we construct moduli of topological equivalence that are of analytic origin.
In case of the quadratic foliations, the moduli are Baum-Bott indexes of singular points, that is, the quantities λ µ + µ λ , where λ and µ are the eigenvalues of the singular point. These moduli are well defined on the space of quadratic foliations, which is compact. Generic level sets of the corresponding moduli map are discrete; discrete subsets of compact spaces are finite.
In case of general polynomial foliations, the moduli are the tuples of higher order jets of generators of the holonomy group at infinity; their order depends on the degree of the foliation. These jets are multivalued vector functions on the space of foliations with different singular points at infinity. They are univalent on the universal cover of this space. Once again, generic level sets for these new moduli maps are discrete. But the domain of the moduli map is now non-compact, and discrete sets in such domain may be infinite, though countable.
Invariants of Topological Equivalence
Topological equivalence of polynomial vector fields implies topological equivalence of their monodromy groups at infinity, see [2, Proposition 28.2] .
In more detail, let us choose the generators γ 1 , . . . , γ n of the fundamental group of the infinite leaf of v. Denote by f j,v the germ of the holonomy transformation that corresponds to γ j and v. If two vector fields v and w are topologically equivalent, and H is the conjugating homeomorphism, then let g j,w be the germ of the holonomy transformation for H(γ j ) and w. The previous proposition claims that there exists a germ of a homeomorphism h : (C, 0) → (C, 0) that conjugates the corresponding holonomy groups and moreover,
An important theorem [4] claims Theorem 2. Suppose that the holonomy group of the vector field v at infinity is unsolvable, and w is topologically equivalent to v. Then the germ h in (1) is biholomorphic.
Vector fields fromÂ n with unsolvable holonomy group at infinity form a Zariski open set [4] , [3] . Denote it by U . Note that the non-solvability is a property that does not depend on the choice of the generators. Let us now define normal forms of the holonomy group at infinity. This normal form depends on the choice mentioned above. Consider a vector field v 0 ∈ U for which under some choice of generators in the fundamental group of the corresponding infinite leaf, the germ f 1,v is hyperbolic, and the two-jets of f 1,v and f 2,v do not commute. Let us take this v 0 as the base point of the universal coverÃ n ; we shall identify the base point of the universal cover with its projection into U and denote both points by v 0 . For this v 0 and the nearby fields v, the following normal form of the holonomy group at infinity is well defined. Let us take a linearizing chart for f 1,v . It exists by the renown Schroder Theorem, and is uniquely defined up to a multiplication by a constant, called a scaling parameter. In this coordinate, the map f 1,v is linear, and the two-jet of f 2,v is not, because the two-jets of these holonomy transformations do not commute. The scaling parameter may be chosen, and in the unique way, so that the latter jet has the quadratic coefficient equal to 1. This completes the choice of the canonical chart z for the holonomy group with marked generators. The normal form for the set of generators of this group is therefore:
where ν 2 z + z 2 + z 3 F 2,v ,f 3,v , . . . ,f n,v are the germs f j,v written in the canonical chart z.
This defines a germ of a holomorphic map M : (U, v 0 ) → (C * ) 2 × O(C, 0) n−1 . It may be analytically continued onto a complement of the universal coverÃ n to a finite union of real and complex proper analytic subsets. First, let a(v) be the set of singular points at infinity for any vector field v ∈Â n . Denote byĈ v the infinite leaf of v, that is, the differenceĈ \ a(v). Note that for all v ∈Â n , the same base point a 0 belongs to the infinite leaf. For any pointw ∈Ã n , let w = pw. Then for any pointw ∈Ã n , an equivalence class of isotopiesĈ v0 →Ĉ w is well defined. Hence, an isomorphism of fundamental groups, induced by these isotopies, is defined as well. Therefore, if γ j are the above chosen generators of π 1 (Ĉ v0 ), then the corresponding generators of π 1 (Ĉ w ) are well defined, as soon asw is chosen. Denote them γ j (w). The germ of the holonomy map corresponding to this loop and the field w is denoted by f j,w . Now letŨ be the lift of U to the universal coverÃ n , andṼ ⊂Ũ be the set of allw ∈Ũ for which the germ f 1,w is hyperbolic, and the two jets of f 1,w , f 2,w do not commute. The differenceÃ n \Ṽ is a union of real and complex proper analytic subsets ofÃ n . The map M may be analytically extended to all ofṼ :
Lemma 1. The set (2) is an invariant of the topological classification on the space pṼ .
This means that if v, w ∈ pṼ are topologically equivalent, then for some liftsṽ, w, the invariants M (ṽ), M (w) are the same.
Lemma 1 is proved in the next section. We will prove further that this invariant is even the modulus of the topological classification.
Some Remarks about Homeomorphisms of Punctured Spheres
Definition 3. Consider a punctured sphereĈ a , a = (a 1 , . . . , a n+1 ) , with a base point a 0 / ∈ a. Consider another copy of a punctured sphere,
∈ b, and a homeomorphism H of one copy into another that preserves the base point a 0 . An isomorphism of the groups π 1 (C a , a 0 ) and π 1 (C b , a 0 ) is defined. It is called an isomorphism induced by the homeomorphism H.
Definition 4.
Consider the same punctured spheres C a , C b as above, and let i be an isotopy of C a to C b that preserves the base point a 0 . Then it generates an isomorphism of the groups π 1 (C a , a 0 ) and π 1 (C b , a 0 ) which is called an isomorphism induced by the isotopy i.
A well known folk theorem claims.
induced by a homeomorphism is at the same time induced by some isotopy.
Consider a vector field v ∈ pṼ ⊂Â n . This means that there existsṽ ∈Ṽ such that v = pṽ. Hence there exists a curve λṽ that connects v 0 and v and representsṽ.
Suppose now that two vector fields v and w of class pṼ ⊂Â n are topologically equivalent. Let H be a restriction of the conjugating homeomorphism to the infinite leaf. Without loss of generality, we may assume that it preserves the base point. By the theorem above, it is induced by some isotopy. This isotopy may be determined by a curve λ in the spaceÂ n that goes from v to w.
The curve λṽ defines the set of generators γ j of π 1 (Ĉ v ). The curve λ defines the set of generatorsγ j of π 1 (Ĉ w ) in such a way that
Hence, the normalized sets of generators of the monodromy group at infinity for v andw coincide. This proves Lemma 1.
Moduli of Topological Equivalence
The normal form (2) is well defined onÃ n . It is the same for vector fields that are affine equivalent modulo a constant factor. Let B n =Ã n /Af f (C 2 ) × C * . Consider a well defined map
Theorem 4. There exists N for which the map M N has the full rank.
Proof. Suppose that the converse is true. Then for any N the rank of M N at any point is smaller than the dimension of B n . Hence, the fiber of this map passing through any point will have a positive dimension. Fix any point v ∈ B n , and let V N be the fiber of M N passing through v. This is a nested sequence of analytic sets. Hence it stabilizes at some point. Denote the resulting set by V ∞ . For all the fields from V ∞ the normal form of the holonomy group is the same. So this set is a so called isoholonomy deformation of v. In [2, 28E] it is proved that such a deformation consists of vectors fields that are affine equivalent to v modulo a constant factor. But different points of B n correspond to vector fields that are not affine equivalent modulo C * . This contradiction proves the theorem.
Weak Total Rigidity
Theorem 4 implies Theorem 1. Indeed, take N for which the map M N has the full rank at some point. By analitycity, it has full rank everywhere outside some analytic subset Σ ofÃ n . Recall that the domainṼ of the moduli map is a complement to a union of real and complex proper analytic subsets ofÃ n . The projection p of the differenceṼ \ Σ to A n is the set mentioned in Theorem 1. The fibers of the moduli map restricted to this difference are discrete, hence at most countable. This proves Theorem 1.
